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Abstract
Because the scale of inflation is conformal frame dependent, in order to fully characterize it one
should quote its value in terms of all the independent equal-time dimensionless ratios in the theory.
We argue that when couplings depend on the inflaton itself, one cannot calculate these ratios in
terms of measurable quantities such as the tensor amplitude and the Planck mass at present. This
uncertainty also becomes manifest when we try to express the (frame-dependent) inflationary scale
in terms of masses that are measurable today. Although we can calculate inflationary scale in the
Einstein frame in terms of today’s Planck mass, we cannot do the same in the Jordan frame. There
are thus grounds to claim that the tensor amplitude does not completely characterize the scale of
inflation.
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I. INTRODUCTION
Conventional inflationary models predict a specific and robust [1] relation between the
appropriately normalized root mean square amplitude of the primordial tensor modes AT ,
the scale of inflation HI and the Planck mass MP [2],
HI = ATMP . (1)
Therefore, it is often argued that a detection of primordial tensor perturbations would
reveal the energy scale at which inflation took place, thus justifying considerable experimen-
tal efforts to achieve such a detection [3]. In this brief note we point out that in general
scalar-tensor theories, the “scale of inflation” is an ambiguous quantity, because it is con-
formal frame dependent. If couplings do not depend on the inflaton, this ambiguity has no
consequence when the scale of inflation is calculated using equation (1). But in theories in
which the inflaton does determine the couplings of the theory, equation (1) may return the
wrong inflationary scale when calculated using the measured value of MP today.
In the Einstein frame, inflaton-dependent couplings are generically expected to appear in
any theory of inflation. This is what happens for instance in a quite general but still some-
what restricted class of scalar-tensor theories similar to those originally proposed by Jordan,
Brans and Dicke [4, 5]. This class has been widely studied in the cosmological literature [6],
and, in fact, the first inflationary model belongs to this set [7, 8]. Within this framework,
equation (1) returns the correct inflationary scale in the Einstein frame, in which the Planck
mass is a constant. But in the Jordan frame, where the proton mass remains constant,
not only does equation (1) return the wrong inflationary scale under the same assumptions,
but it also remains practically impossible to determine it in terms of presently observable
quantities. Because the choice of conformal frame is simply a matter of convenience, one
could hence argue that in the class of theories considered here a measurement of the tensor
amplitude does not fully characterize the scale of inflation. Further consequences of related
ideas are explored for instance in [9, 10].
II. SCALAR TENSOR THEORIES
To illustrate the limits of equation (1), let us consider the relatively general class of scalar
tensor theories alluded to in the introduction [4, 5]. To formulate these theories, one needs to
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pick a conformal frame first. This choice is just a matter of convenience, somewhat analogous
to a choice of gauge, and there is no particular “correct” choice. Physical predictions remain
of course conformal frame independent [11].
In order to quantize cosmological perturbations, for instance, it is more convenient to
formulate these theories in the Einstein frame, in which both the kinetic terms for the
metric gµν and the inflaton ϕ assume canonical forms. After an inflaton-dependent conformal
transformation and a field redefinition the action of these theories takes the form
SE =
∫
d4x
√
−g
[
M2
2
R− 1
2
∂µϕ∂
µϕ− V (ϕ)
]
+ Sm[F
2(ϕ)gµν , ψ], (2)
which we shall take to be the starting point of our considerations. For illustration we assume
that matter consists of a single scalar ψ of mass m, which, by abuse of simplicity we shall
call “the proton”,
Sm[gµν , ψ] ≡
∫
d4x
√
−g
[
−1
2
∂µψ∂µψ −
1
2
m2ψ2
]
. (3)
The important point here is that the conformal transformation to the Einstein frame renders
the mass parameter M constant, and thereby introduces a coupling between the matter
fields ψ and the inflaton ϕ through the (dimensionless) function F (ϕ), which we take to
be arbitrary. Although this class of theories is not particularly natural [12], it provides a
simple realization of the scenario we want to describe. We expect the same ideas to apply
in more realistic theories, in which the tree-level couplings of the inflaton to matter are
not universal. Such non-universal couplings are generically expected for instance in string
theories [13]. In this wider class of theories, the ambiguity in the determination of the
inflationary scale becomes even worse, because the set of relevant dimensionless ratios (or
conformal frames) widens. Although couplings between the inflaton and matter are useful
invoked to guarantee a successful reheating stage [14], we should also point out that they
are not strictly necessary [15].
A. Einstein Frame
During inflation, the contributions of matter are negligible, so one does not need to
consider the matter Lagrangian. In that case, the action (2) describes nothing but a con-
ventional and canonical inflationary model. As a result, the predictions for the tensor and
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scalar spectra remain unaltered, and so does the standard relation between the tensor am-
plitude and the scale of inflation. In particular, the tensor amplitude and the Hubble scale
during inflation are related by
AT =
HEI
M
, (4)
where the script “E” indicates Einstein-frame quantities (as we discuss later on, the tensor
amplitde AT is conformal frame independent.) Therefore, if we determine the tensor am-
plitude through polarization measurements [16, 17], we can solve for the scale of inflation
in the Einstein frame, HEI = ATM. Since the Hubble parameter actually changes during
inflation, by HI we mean the value of the Hubble constant at any particular time during
inflation, say, when a particular pivot scale left the horizon.
In order to assign a numerical value to HEI we hence need to know what M is. Let us
assume that after a successful reheating stage the inflaton settles down at the minimum of its
potential, and that its mass at that point is sufficiently large in order for the field to remain
essentially frozen at that minimum, ϕ∗. Then, the function F takes the value F∗ ≡ F (ϕ∗),
which we can also assume to be constant. In what follows, a star will hence label quantities
after the end of inflation. Because the scalar ϕ is heavy, it does not contribute to any
long-ranged fifth forces. Hence, the conventional constraints on the analogous massless
scalar-tensor theories do not apply [18].
In the Einstein frame, the presence of the factor F 2
∗
gµν in the matter Lagrangian of
equation (2) after the end of inflation amounts to a conformal transformation, which after
appropriate field redefinitions has the only effect of scaling the mass m in the Lagrangian
by a factor of F∗. It is thus mp = F∗m what we would call the proton mass today, and it
is this product the one that equals about 1 GeV.1 If we now expand the metric around flat
spacetime, with canonically normalized gravitons hµν ,
gµν = ηµν +
hµν
M
, (5)
gravitational interactions between non-relativistic massive particles in the Einstein frame
become proportional to m2F 2
∗
/M2 = (mp/M)
2. Therefore, it is MP ≡ M what we would
call the Planck mass in the Einstein frame, the quantity we measure to be around 1018 GeV
1 We thank Paolo Creminelli for pointing out a flaw in this part of the argument in a previous version of
this manuscript.
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today. To summarize: As conventionally argued, in the Einstein frame, equation (1) returns
the correct result.
Leaving the inflaton sector aside, the class of theories that we are studying contains two
relevant mass scales: the constant Planck mass M , and the time-dependent proton mass
mp = Fm. Because of the structure of the matter Lagrangian, any other scale can be
expressed in terms of these two by measuring the present values of appropriate equal-time
dimensionless ratios. Say, if the theory also contains an electron, we can determine its mass
me at any time because me/mp is a constant that can be measured today. Therefore, to
characterize the scale of inflation during inflation we also need to calculate the ratio of the
Hubble scale to the mass of the proton at the same time. This calculation is relevant, say,
to determine whether the proton is light or heavy field during inflation. Because in the
Einstein frame the proton mass during inflation is mIp = FIm, along the same lines as before
we readily arrive at
HEI = AT
MP
mp
(
F∗
FI
)
mIp. (6)
The ratio mp/MP ≈ 10−18 is nothing but today’s measurable strength of the gravitational
interaction in units of the proton mass, and AT is again the observed tensor amplitude.
Since the value of the ratio F/F∗ is unknown, we cannot calculate the scale of inflation in
units of the proton mass at that time, even when we know the tensor amplitude. In other
words, we cannot tell whether we should regard the proton as light or heavy, or whether
the Hubble scale is close to the QCD scale during inflation. In that sense, we would claim
that a determination of the tensor amplitude does not completely characterize the scale of
inflation. The reason is basically the presence of the new, time-dependent, dimensionless
function F . In a theory in which the inflaton does not determine the matter couplings F
remains constant, and the ambiguities we discuss here do not arise.
B. Jordan Frame
Things look quite different in the Jordan frame, although the implications are the same.
The Jordan frame is defined by the condition that the mass of the proton be independent
of the inflaton. To reach this frame we need to apply the conformal transformation
gJµν = F
2gµν (7)
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to the Einstein frame action (2). We then obtain a formulation of the theory in which matter
couples to the Jordan frame metric gJµν as desired,
SJ =
∫
d4x
√
−gJ
[
M2
2F 2
RJ + · · ·
]
+ Sm[g
J
µν , ψ], (8)
where we have skipped some of the inflaton terms, which do not play much of a role here.
By construction, in the Jordan frame the parameter m defines the mass of the proton,
mp = m ≡ 1 GeV, and it is MP ≡ M/F∗ = 1018 GeV the scale that determines what
we could call today’s Planck mass. The present strength of the gravitational interactions
between protons thus remains the same in both the Einstein and the Jordan frame, because
mp
MP
=
F∗m
M
=
m
M/F∗
. (9)
In both cases we are taking ratios of the proton mass to the Planck mass, but the interpre-
tation of these quantities in terms of the parameters contained in the Einstein or Jordan
frame action changes.
Nevertheless, when dimensionless ratios of quantities evaluated at different times are
involved, these ratios take different values in different conformal frames. In a way, the
calculation of these unequal-time dimensionless ratios is forced upon us, because we want to
compare a mass scale during inflation to a mass scale defined today. Suppose we decide to
calculate for instance the scale of inflation in the Jordan frame in terms of the Planck mass
measured today. For convenience, we define this Hubble scale to be
HJ ≡ 1
aJ
daJ
dtJ
− M
F
d(F/M)
dtJ
. (10)
This combination returns the Hubble scale in the Einstein frame upon the appropriate
identification of times, scale factors and Planck mass parameters. If the function F is nearly
constant during inflation, the difference between what we call HJ and the actual Hubble
scale during inflation is also irrelevant. By comparing the two conformal metrics in equation
(7) we find that the inflationary scales and the tensor amplitudes in both frames are related
by [2, 11]
HJ =
HE
F
, AT ≡ AJT = AET . (11)
Therefore, H scales as any other mass under conformal transformations, and the tensor
amplitude remains invariant as promised. It also follows that in terms of today’s Planck
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mass the scale of inflation in the Jordan frame becomes
HJI = AT
F∗
FI
MP . (12)
Since we do not know what the ratio FI/F∗ is we cannot calculate the Jordan scale of
inflation in terms of today’s Planck mass. In other words, if we substitute the measured
value ofMP in equation (1) we obtain the wrong Jordan frame inflationary scale. Note that
the factor that quantifies the uncertainty in our determination of the Hubble scale in the
Jordan frame, FI/F∗, is the same as the one that enters the unknown ratio between Hubble
scale and proton mass in the Einstein frame.
III. CONCLUSIONS
We have argued that a measurement of the tensor amplitude does not provide us in general
with a unique characterization of the scale of inflation. Although such a measurement does
determine the scale of inflation in units of the Planck mass at that time, it does not say
anything about the scale of inflation in units of, say, the proton mass back then. Even
though these equal-time ratios are conformal frame independent, dimensionless ratios of
scales evaluated at different times do happen to depend on the conformal frame. The
evaluation of these ratios is in a way forced upon us because we would like to express the
scale of inflation in units of quantities we can measure today. When we evaluate these
unequal time ratios we obtain relations that only hold in particular conformal frames. We
can determine the scale of inflation in the Einstein frame in terms of the agreed value of
the proton or Planck mass, but we cannot determine the same scale in the Jordan frame in
terms of the same units. Since the choice of conformal frame is just a matter of convenience,
this uncertainty is also a sign of our incomplete characterization of the inflationary scale.
While the measurement of the tensor amplitude conveys information about how relevant
quantum gravity effects may be, it does not contain much information about eventually
relevant quantum effects in the matter sector during inflation. This uncertainty can be
traced back to the unknown form of the dimensionless function F . In theories in which the
inflaton does not couple to the matter sector in the Einstein frame, F is a constant, and the
obstacles we encountered here do not arise.
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Note Added: While the author was finalizing the preparation of this manuscript, Antoniadis
and Patil submitted to the arxiv a preprint that discusses similar ideas [19] (see their discus-
sion between equations (19) and (24).) Note, however, that the issues that we address here
are different from the main mechanism originally proposed in [20] and further discussed in
[19] .
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